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1. INTRODUCTION 
In [1 ], L. Carlitz and I derived a q-extension of the oldest ballot numbers 
anm: the number of election returns with final vote n for A, m for B, such 
that A is never behind in the tally (hence n >~ m). In a q-extension, 
number x is replaced by 1 --q~, so that, e.g., the ordinary binomial 
coefficient becomes the q-binomial coefficient 
(1 -- q)(l -- q2)... (1 -- q~) 
In his review [2] of this paper N. G. de Bruijn supplied the following 
combinational interpretation of the q-ballot numbers denoted by 
a~,,,(q): a,,~,(q) is the sum of all qkl+...+~,~ with k l ,  k2 ..... km integers ubject 
to the condition 1 ~ kl ~ k2 "'" ~ k~ ~ n and k~ ~ i, i = l(1)m. Put in 
another way, an~,~(q) is the enumerator of partitions with m parts, none 
greater than n, such that their Ferrer's graphs include an initial triangle 
of sides m and m (the graph of partition m, m -- 1,..., 2, 1); e.g., for 
n ---- 3, m ---- 2 the partitions in question are 21, 22, 31, 32, 33 whose 
graphs are 
I 9 ~ ~ 9 t 9 o o 6 a I , 
The object of this note is to verify de Bruijn's interpretation and to 
supply an alternative in terms of Young tableaux. 
2. VERIFICATION OF DE BRUIJN'S INTERPRETATION 
Consider the sum of q~l+...+k., subject to 1 ~ kl ~ "'" ~ km ~ n, 
ki ~ i, i ~ l(1)m, as in de Bruijn's interpretation of a~m(q). Call it 
bnm(q). It may be divided in two parts accordingly as km ---- n or k,~ ~ n. 
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lfk,~ = n the sum is q'~b,, ..... l(q);ifk,~ < n,which is the same as k,,~ ~ n -- 1, 
the sum is b,~_l.m(q). Hence 
b,~,,,(q) = q'~b,~ . . . .  ~(q) + b~_l.m(q); 
but this is identically the recurrence (6.5) of [1], and it only remains to 
notice that 
an~(q) : b,~(q) : q -k q.2 + ... + q,, 
to be sure that b,,,,(q) = a,,,,(q). 
3. YOUNG TABLEAUX 
A Young tableau (familiar in group theory) is an arrangement of 
n elements, which be taken as the natural numbers I to n, in a square array 
having the properties of a Ferrer's graph (the lengths of successive rows 
are in non-increasing order) and such that there is strict decrease in the 
numbers in each row and each column. As remarked in [I], the ballot 
numbers are the numbers of two-rowed Young tableau with n + m 
numbers, n in the first row, m in the second, and of course n ~> m, that is, 
arrays 
ala 2 "'" am "'" an 
blb2 "'" bm 
such that a~ >a2~>'"  >a, , ,b~ >b2 >""  >b, , , ;a~>b~,  i=  l(1)m. 
Consider the sum Ynm(q) of qbt+...+b,, over all such Young tableaux. 
In an (n, m) Young tableau, number one is either the last number of 
the first row, or the last of the second. In the first event the tableaux are 
enumerated by q"Y,~-l.~(q), since subtracting unity from each number 
gives an (n -  1, m) tableau. In the second event, the tableaux are 
enumerated by q"y,~ . . . . .  l(q) by a similar argument. Hence 
Y,~,,~(q) = q"Y,~ .... l(q) + q"'Y~-x.,~(q)- 
It is readily verified that y,~(q) = q + q2 + ... + q,, = a,~l(q) and the 
recurrence supports the natural convention that Yno(q) = 1 = a,0(q); but 
Y3~(q) = q3 + q, + 2q5 + q6 = q9az2(q-~). 
Since a~l(q) = qn+aa~(q-O, it is natural to suppose that 
y,,,,,(q) = q"m+~")m/2a,,m(q- 0 
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and indeed this relation carries the recurrence above into (6.5) of [1]. 
Hence 
anm(q) -~ q"m+("+l)'n/2y,~m(q-1) 
provides the second interpretation. Of course the two interpretations are 
equivalent; indeed the variables ki and b~ are related by ki + bi ---- n q- i, 
i ---- 1(1) m. 
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